Abstract. We present a condition for towers of fiber bundles which implies that the fundamental group of the total space has a nilpotent subgroup of finite index whose torsion is contained in its center. Moreover, the index of the subgroup can be bounded in terms of the fibers of the tower.
Introduction
1. We prove the following topological result, which is motivated by Conjecture 2.1 below.
Theorem 1.1. Let F 1 , F 2 , . . . , F n be an array of closed manifolds such that each F i is either S 1 or is simply connected. Assume E is the total space of a tower of fiber bundles over a point −→ E k−1 is homotopically trivial over the 1 -skeleton. Then the fundamental group π 1 E contains a nilpotent subgroup Γ such that [π 1 E : Γ] Const(F 1 , F 2 , . . . , F n ) and Tor(Γ) ⊂ Z(Γ), where Tor(Γ) and Z(Γ) denote the torsion and the center of Γ, respectively.
Our proof is surprisingly involved. We would be very interested to see a proof based on a different idea; in particular, it might help to establish the conjecture in full generality.
Motivation

2.
Conjectures. Theorem 1 is motivated by the following conjecture from [KPT] .
Main Conjecture 2.1. For all dimensions m there is a constant C = C(m) such that if M m is an almost nonnegatively curved closed smooth m-manifold, then there is a nilpotent subgroup N ⊂ π 1 M of index at most C whose torsion is contained in its center.
The following earlier conjecture of Fukaya and Yamaguchi [FY] is closely related.
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Conjecture 2.2 (Fukaya-Yamaguchi) . The fundamental group of a nonnegatively curved m-manifold M is C(m)-abelian: there is C = C(m) such that if M m is nonnegatively curved, then there is an abelian subgroup A ⊂ π 1 M of index at most C .
Let us show that our main conjecture (if true) implies Conjecture 2.2. If the fundamental group of M is finite (in particular if M is positively curved), then the whole group is torsion. In this case Conjecture 2.1 and Theorem B in [KPT] imply Conjecture 2.2. The general case is more tricky. The following argument was suggested to us by Burkhard Wilking (compare to [KPT, Corollary 4.6 .1]).
If sec(M m ) 0 , then the universal coverM of M is isometric to the product R n ×K , where K is a compact Riemannian manifold and the π 1 M action on R n ×K is diagonal [CG] . It follows from [W, Cor. 6.3] that one can deform the metric on M so that its universal cover is still isometric to R n × K and the induced action on K is finite. Let Γ 1 be the image of π 1 M in Iso(R n ) and Γ 2 be the image in Iso(K). By the above we can assume that Γ 2 is finite. Therefore Γ 1 is a crystallographic group. By the third Bieberbach theorem, it contains a subgroup of index C(n) which consists entirely of translations (and hence is abelian). Consider the action of Γ 2 on the frame bundle F of K . This action is free and by Cheeger's trick, F admits a sequence of almost nonnegatively curved metrics [FY] . Since Γ 2 is finite, by Conjecture 2.1 it contains an abelian subgroup of index C(m). Thus, both Γ 1 and Γ 2 are C(m)-abelian, and this yields Conjecture 2.2.
3. About the reduction. Let us explain how Theorem 1.1 is related to Conjecture 2.1.
An almost nonnegatively curved manifold can be defined as a closed smooth manifold M which admits a sequence of metrics g n with a uniform lower curvature bound such that the sequence M n converges to a point in Gromov-Hausdorff topology.
One approach to studying almost nonnegatively curved manifolds is by studying successive blow-ups of the collapsing sequence M n = (M, g n ), as was done in [KPT, Section 4.3] . Let us describe this construction.
The sequence {M n } converges to a point; this one-point space will be denoted by A 0 . Set M n,1 := M n and ϑ n,1 := diam M n,1 . Rescale now M n,1 by
Passing to a subsequence if necessary, one has that the manifolds 1 ϑn,1 ·M n,1 converge to A 1 , where A 1 is a compact nonnegatively curved Alexandrov space with diameter 1 . Now choose a regular pointp 1 ∈ A 1 , and consider distance coordinates around p 1 ∈ U 1 → R k1 , where k 1 is the dimension of A 1 . The distance functions can be lifted to U n,1 ⊂ 1 ϑn,1 ·M n,1 . Denote by M n,2 the level set of U n,1 → R k1 that corresponds top 1 . Clearly, M n,2 is a compact submanifold of codimension k 1 . Set ϑ n,2 := diam M n,2 . Passing again to a subsequence, one has that the sequence 1 ϑn,2 ·M n,2 converges to some Alexandrov space A 2 .
As before, A 2 is a compact nonnegatively curved Alexandrov space with diameter 1. Set k 2 := k 1 + dim A 2 . If one now chooses a marked point in M n,2 , then, as n → ∞, 1 ϑn,2 ·M n converges in the pointed Gromov-Hausdorff topology to A 2 × R k1 , which is of dimension k 2 . We repeat this procedure until, at some step, k ℓ = m, where m = dim M .
As a result, we obtain a sequence {A i } of compact nonnegatively curved Alexandrov spaces with diameter 1 that satisfies
We also obtain a sequence of rescaling factors ϑ n,i = diam M n,i , and a nested sequence of submanifolds
Now let us assume that for all choices ofp i the Alexandrov spaces A 1 , . . . , A ℓ are closed Riemannian manifolds. This condition will be called the rescaled smoothness assumption.
Notice that his assumption definitely does not need to hold in general; it is only made to simplify the problem. Foremost, it makes it possible to apply the following fibration theorem of Yamaguchi [Y] to the successive blow-ups of the collapsing sequence under consideration.
Theorem 3.1 (Yamaguchi's Fibration Theorem). Let M n be a sequence of mdimensional Riemannian manifolds with sectional curvature at least k and diameters at most D , which converges to a Riemannian manifold N in the GromovHausdorff sense. Then for all large n there exists an almost Riemannian submersion f n : M n → N . In particular, f n is a fiber bundle.
Let M n as above satisfies the rescaled smoothness assumption. Then it should be true that after passing to a subsequence of M n , each M n is homeomorphic to the total space of a tower of fiber bundles
Moreover, by using the Lipschitz properties of the gradient flow, it should be possible to pass to a finite cover of the total space with number of leafs controlled by the topology of A i , so that the tower of bundles can be further refined to a tower of the form
(ii) Each of the bundles E k
is homotopically trivial over the 1 -skeleton. This finally leads us to the main topological result of this paper (Theorem 1.1 above), which says that if such a tower of bundles exists, then its total space satisfies the conclusion of Conjecture 2.1.
We have, however, not worked out the details of the reduction, as we do not see a geometric condition which would imply the rescaled smoothness assumption. In fact, it might well be possible to do the reduction even in the case if all A i are general Alexandrov spaces without boundary, but we have no idea what to do if at least one of them has nonempty boundary.
Proof of the theorem
4. Technical tools. The proof of Theorem 1.1 uses the following result of Dror, Dwyer and Kan ( [DDK] ).
Theorem 4.1. Let F be a finite simply connected CW complex and Aut 0 (F ) be the identity component of the space of all homotopy equivalences F → F . Then Aut 0 (F ) is homotopy equivalent to a CW complex with a finite number of cells in each dimension.
Let ⋆ = id F be the base point of Aut 0 (F ). Furthermore, we consider S 1 as the unit circle in the complex plane, so that z → z n defines a map S 1 → S 1 of degree n.
Corollary 4.2. Given a finite simply connected CW complex F , there is a natural number n = n(F ) such that the following holds. Assume that {κ z : F → F : z ∈ S 1 } is a one parameter family of homotopy equivalences with κ 1 = id F such that for some N ∈ N the family κ N z = κ z N is homotopic to the constant family id F . Then κ n z is homotopic to the constant family id F .
Proof. We can view κ as a loop in Aut 0 (F ) based at ⋆ . Since Aut 0 (F ) is an H -space, its fundamental group π 1 (E 0 (F )) is abelian.
By Theorem 4.1, π 1 (Aut 0 (F )) is finitely generated, therefore Tor[π 1 (Aut 0 (F ))] is finite. Hence the corollary follows.
We denote by D the closed unit disc in the complex plane.
Technical Lemma 4.3. Let F be a compact simply connected manifold and h : D× × F → F be a D-family of homotopy equivalences F → F such that h(u, * ) = id F for any u ∈ ∂D. Consider the map β x : D → F defined by β x : u → h(u, x) for a fixed point x ∈ F . Then [β x ] ∈ Tor(π 2 F ) and is independent of x.
Moreover, given a map f :
Proof. Assume the contrary. The map h induces a map S 2 × F → F which with a slight abuse of notation we'll still denote by h. Consider the induced map on cohomology
where the second map is the projection coming from the Künneth isomorphism. We'll denote the resulting map H * +2 (F ) → H * (F ) by D h . It's easy to see that it's an algebra derivation on H * (F ). The same obviously holds true for
. Suppose not and and that for some
Thus, [θ k ] = 0 for any positive integer k . In particular, F has infinite dimension, a contradiction. Thus,
on H 2 (F ) where pr 2 : S 2 × F → F is the second coordinate projection. This easily implies the statement of the Lemma.
Remark 4.4. Since [β x ] ∈ π 2 F is independent of the choice of x, we can drop the subindex x and simply denote this element by [β].
5. Two claims.
Claim 5.1. Let S 1 → E → B be an oriented S 1 -bundle over a compact manifold B . Assume that the action of π 1 B on π 2 B is trivial. Then the action of π 1 E on π 2 E is trivial.
Proof. Let γ ∈ π 1 (E, p) and α ∈ π 2 (E, p). Let us denote byγ ∈ π 1 (B,p) and α ∈ π 2 (B,p) their projection to B .
By our assumptions,ᾱγ =ᾱ, or equivalently, there is a map h :
− → E → B be a fiber bundle with simply connected fiber F over a compact manifold B , which admits a trivialization over the 1 -skeleton of B . Assume π 1 B is almost nilpotent and the action of π 1 B on π 2 B is almost trivial. Then the action of π 1 E on π 2 E is almost trivial.
Proof. By taking the pullback of F → E → B to a finite cover of B we can assume that the action of π 1 B on π 2 B is trivial and π 1 B is nilpotent.
Let γ ∈ π 1 (E, p) and α ∈ π 2 (E, p). Let us denote byγ ∈ π 1 (B,p) andᾱ ∈ ∈ π 2 (B,p) their projections to B .
By assumptions, there is a map h : S 2 × S 1 → B such that h(u, v) =p, h(u, * ) ∼γ and h( * , v) ∼ᾱ.
The monodromy map f : E ′′ → E ′′ around S 1 induces the identity map on the base S 2 and due the bundle being trivial over u × S 1 , it can be chosen to be the identity on
is a homeomorphism between F × x and the fiber F m(x) . Then the map f : E ′′ → E ′′ is completely described by the map
By the Technical Lemma, there is an element [β] ∈ Tor(π 2 F ) such that
Since the bundle is trivial over S 1 ,
and therefore for n(F ) = |Tor(π 2 F )| we have α γ n(F ) − α = 0 . Since π 1 B is nilpotent and finitely generated we have that the subgroup γ n(F ) |γ ∈ π 1 B < π 1 B has finite index.
6. Reliable manifolds.
Definition 6.1. A compact connected manifold M is called reliable if (1) For any τ ∈ Tor(π 1 (M, p)) and for any other element γ ∈ π 1 (M, p) there is a map of h :
(2) There is a finite cover ι :T 2 → S 1 ×S 1 and a map of solid torus f : D×S 1 → → M and an isomorphism i :
Claim 6.2. Let S 1 → E → B be an oriented S 1 -bundle such that the base B is reliable and the action of π 1 B on π 2 B is almost trivial. Then E is reliable.
Proof. Let γ ∈ π 1 (E, p) and τ ∈ Tor(π 1 (E, p) ). Let us denote byγ ∈ π 1 (B,p) andτ ∈ π 1 (B,p) their projections to B .
From the assumptions we have that there is a maph :
which satisfy the definition of a reliable manifold. Note that since B is reliable we have [h] = 0 ∈ H 2 (B, Q). Therefore the induced bundle
This implies that γ and τ commute. Hence (1) is satisfied and we only need to check (2).
Since the bundle
Consider the covering map h • ι :T 2 → E . By the definition of a reliable manifold there is a covering ι :T 2 → S 1 × S 1 and a map of solid torusf : D × S 1 → B and an isomorphism i :
From above, we have that h • ι is homotopic to a map h ′ :T 2 → E whose projection to B is the central S 1 of D × S 1 . Therefore there are loops ψ ⊂ B and ϕ in a fiber S 1 such that h • ι is homotopic to a torus with meridians in s(ψ) and ϕ.
Suppose a and hence i(ϕ) ∈ Tor(π 1 E). Therefore passing to a finite cover ofT 2 if necessary we get a map of the disc D → E which contracts one of the generators (kϕ) ofT 2 . The projection of this disc to B gives an element α ∈ π 2 B and since π 1 B acting on π 2 B almost trivially we get that passing to finite cover ofT 2 again (along ψ ) we have a map ofḡ :
We can lift this map to a map g :
Together with the homotopy above, the latter gives the needed map of D × S 1 → → E . Claim 6.3. There is a positive integer n = n(F, dim B) such that the following holds.
Assume F → E → B is a fiber bundle such that (1) the fiber F is simply connected; (2) the base B is reliable; (3) the fundamental group of B is nilpotent and is generated by c(dim B) elements; (4) the bundle admits a trivialization over the 1 -skeleton of B .
Then there is an at most n-fold coverẼ of the total space E which is reliable.
Proof. The proof is divided into two steps.
Step 1. We will use the Corollary 4.2 to construct an at most n = n(F, dim B)-fold cover B → B such that for any two elementsγ ∈ π 1 (B,p) andτ ∈ Tor π 1 (B,p) there is a maph :
which satisfy the condition in the definition of reliable manifold and such that the induced bundleh * over S 1 × S 1 with fiber F is homotopically trivial. Let γ ∈ π 1 (E, p) and τ ∈ Tor(π 1 (E, p)). Let us denote byγ ∈ π 1 (B,p) and τ ∈ π 1 (B,p) their projections to B .
which satisfy condition (1) in the definition of a reliable manifold. The induced bundle f * over D×S 1 is trivial since the bundle over S 1 is. Consider the induced bundleh * over S 1 ×S 1 . Pulling back by the finite cover ι :T 2 → S 1 ×S 1 the induced bundle (h • ι) * overT 2 becomes trivial, since it is also can be induced vial pull back by i :T 2 → D × S 1 and the bundle over D × S 1 is trivial. The bundle over S 1 × S 1 admits a trivialization on 1-skeleton for the standard product CWstructure. Therefore it can be induced from a bundle on S 2 and a map of degree 1 which sends the 1-skeleton of S 1 × S 1 to a single point of S 2 . Such a bundle over S 2 can be described by its clutching map which is a one-parameter family of homeomorphisms κ : S 1 × F → F . Note that the homotopy type of κ does not depend on the choice of a trivialization over the 1-skeleton of S 1 × S 1 . Since the induced bundle overT 2 is trivial we have that if ι :T 2 → S 1 × S 1 is an N -fold cover then κ N : S 1 × F → F is homotopic to the map (z, x) → x. By Corollary 4.2, κ n(F ) is homotopic to the constant map (z, x) → x.
Since π 1 B is nilpotent and generated by c(dim B) elements, it follows that there is an at most n ′ = n ′ (F, dim B)-fold cover B of B such that for any two elementsγ ∈ π 1 (B,p) andτ ∈ π 1 (B,p) there is a maph :
and such that the induced bundleh * over S 1 × S 1 and fiber F is homotopy trivial.
From now on we will assume that that B =B .
Step 2. Now, using Technical Lemma 4.3, we will prove that a section overh : S 1 × × S 1 → B , after finite cover (which is in fact a cover ofT 2 ) bounds a solid torus; that is, E is reliable.
Let us summarize what we have:
(1) The induced bundle f * over D × S 1 is trivial since the bundle over S 1 is. (2) There is yet another trivialization over ∂D × S 1 = T 2 which is induced from a trivialization on
We can assume that the bundle over D × S 1 is smooth and that both of the above trivializations are smooth. Consider the vector fieldV = ∂ ∂t on D × S 1 ; here t is the S 1 -coordinate and we assume S 1 = R/Z. Let p : E ′ → D × S 1 be the pullback bundle over D × S 1 . Let V be the horizontal lift ofV overT 2 with respect to trivialization (2) above. Using partition of unity we can extend it to a vector field (which we'll still denote by V ) on E ′ which projects toV . Let ϕ t : E ′ → E ′ be the time t integral flow of V . Note that by construction (6.1) ϕ 1 (q) = q for any q ∈ p −1 (∂D × S 1 ).
Since E ′ is a trivial bundle we can identify its total space with D × F × S 1 via, say, trivialization (1) above. Consider the map m : D × F × R → E given by the formula (u, x, t) → ϕ t (u, x, [0]), here u ∈ D, x ∈ F and [0] ∈ S 1 = R/Z. By (6.1) it follows that m(u, x, n) = m(u, x, 0) for any n ∈ Z, u ∈ ∂D and x ∈ F .
Note that there is a mapĥ : D × F → F for which the following identity holds m(u,ĥ(u, x), 0) = m(u, x, 1).
Moreoverĥ(u, x) = x for any u ∈ ∂D and x ∈ F . This means that we can apply Technical Lemma (4.3) toĥ. Consider a horizontal section of E ′ over ∂D × S 1 with respect to (2). Fix w ∈ S 1 . This gives a with respect to (2) horizontal section over ∂D × w . Since F is simply connected this section can be extended to a section over D × w which in trivialization (1) has the form u → (u, w, f (u)) for some map f : D → F . As in Technical Lemma (4.3) set fĥ(u) =ĥ(u, f (u)).
Then , by Technical Lemma Note that m(u, f 0 (u), n) = m(u, f n (u), 0). In particular, by (6.3), the two maps D → E given by u → m(u, f (u), 0) and u → m(u, f (u), n) are homotopic rel. to ∂D; denote by s t , t ∈ [0, 1] the homotopy. It follows that after taking an n-fold cover of T 2 it has a section which can be contracted by a solid torus; the map of the solid torus is a concatenation of (u, t) → m(u, f (u), t) for t ∈ [0, n] and (u, t) → s t (u) for t ∈ [0, 1].
